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Whereas modular forms is a classical object investigated for more than 150 years, the theory of mean-periodic functions is a relatively recent part of functional analysis whose relations to arithmetic zeta functions is studied and described in this paper.
The text presents the analytic aspects of the new correspondence in accessible and relatively self-contained form. It is expected that the modern harmonic analysis and meanperiodic functions will have many applications to the study of zeta functions of arithmetic schemes.
1.1. Boundary terms in the classical one-dimensional case. The completed zeta function of a number eld K is dened on e (s) > 1 by
where ζ K (s) is the classical Dedekind zeta function of K dened using the Euler product over all maximal ideal of the ring of integers of K and ζ K,∞ (s) is a nite product of Γ-factors dened in (5.3). It satises the integral representation (see [41] )
where f is an appropriately normalized function in the SchwartzBruhat space on A K and | | stands for the module on the ideles A × K of K. An application of analytic duality on K ⊂ A K leads to the decomposition ζ K (s) = ξ (f, s) + ξ f , 1 − s + ω f (s)
where f is the Fourier transform of f , ξ(f, s) is an entire function and ω f (s) = since ∂K × is just the single point 0, with the appropriately normalized measure on the idele class group. As a consequence, ω f (s) is a rational function of s invariant with respect to f → f and s → (1 − s). Thus, ζ K (s) admits a meromorphic continuation to C and satises a functional equation with respect to s → (1 − s). and H f (t) = h f e −t , where ε = ±1 is the sign of the expected functional equation (see Section 3). The functions h f (x) and H f (t) are called the boundary terms by analogy. The main question is the following one. What property of h f (x) or H f (t) implies the meromorphic continuation and functional equation for ω f (s)? One sucient answer is mean-periodicity 1 . Mean-periodicity is an easy generalization of periodicity; a function g of a functional space X is X-mean-periodic if the space spanned by its translates is not dense in X. When the Hahn-Banach theorem is available in X, g is X-mean-periodic if and only if g satises a convolution equation g * ϕ = 0 for some non-trivial element ϕ of the dual space X * and a suitable convolution * . 
C(R)
the continuous functions on R (Section 2.2), C ∞ (R) the smooth functions on R (Section 2.2), C ∞ exp (R) the smooth functions on R of at most exponential growth (see (2.3)) in the additive setting, which is related to H f (t). A nice feature is that the spectral synthesis holds in both X + and X × . The general theory of X × -mean-periodic functions shows that if h f (x) is X × -mean-periodic then ω f (s) has a meromorphic continuation given by the MellinCarleman transform of h f (x) and satises a functional equation. Similarly, if H f (t) is X + -mean-periodic then ω f (s) has a meromorphic continuation given by the LaplaceCarleman transform of H f (t) and satises a functional equation. See Theorem 3.2 for an accurate statement. Note that in general ω f (s) can have a meromorphic continuation to C and can satisfy a functional equation without the functions h f (x) and H f (t) being mean-periodic (see Remark 3.1 for explicit examples).
1.3. Arithmetic zeta functions and higher dimensional adelic analysis. For a scheme S of dimension n its arithmetic (Hasse) zeta function
whose Euler factors correspond to all closed points x of S, say x ∈ S 0 , with nite residue eld of cardinality |k(x)|, is the most fundamental object in number theory. Not much is known about it when n > 1.
Higher dimensional adelic analysis aims to study the zeta functions ζ S (s) using integral representations on higher adelic spaces and analytic duality. It employs geometric structures of regular model of elliptic curve which are dicult to see directly at purely analytic level. It is expected that the n-th power of the completed versions of the zeta functions ζ S (s) times a product of appropriately completed and rescaled lower dimensional zeta functions can be written as an adelic integral over an appropriate higher dimensional adelic space against an appropriate translation invariant measure. Then a procedure similar to the one-dimensional procedure given above leads to the decomposition of the completed zeta functions into the sum of two entire functions and another term, which in characteristic zero is of the type ω S (s) :
where h S (x) and H S (t) := h S (e −t ) are called the boundary terms for the following reason. The functions h S (x) are expected to be an integral over the boundary of some higher dimensional space over some suitably normalised measure. Let us mention that the structure of both the boundary and the measure is quite mysterious. In particular, the boundary is expected to be a very large object, which is totally dierent from the onedimensional situation. For the case of arithmetic surfaces E corresponding to a regular model of elliptic curve over a global eld see [15] , [14] .
1.4. Boundary terms of zeta functions and mean-periodicity. The papers [14] , [15] suggested to use the theory of property of mean-periodicity of the functions h S (x) in an appropriate functional space for the study of the meromorphic continuation and the functional equation of the zeta functions ζ S (s). This work demonstrates novel important links between the world of certain Dirichlet series which include the zeta functions ζ S (s)
coming from number theory and the class of mean-periodic functions in appropriate functional spaces, in a self-contained manner independently of higher dimensional adelic analysis.
Let us give a avour of these links (see Theorem 5.18 for a precise statement).
Let S be an arithmetic scheme proper at over Spec Z with smooth generic bre. We prove that if its zeta function ζ S (s) extends to a meromorphic function on the complex plane with special (and typical in number theory) analytic shape, and satises a functional equation with sign ε, then there exists an integer m ζ S 1 such that for every integer m m ζ S the (ample) boundary term h ζ S ,m (x), given by h ζ S ,m (x) := f ζ S ,m (x) − εx −1 f ζ S ,m (x −1 )
where f ζ S ,m (x) is the inverse Mellin transform of the mth power of the completed Riemann zeta function times the completed and rescaled version of the zeta function ζ S (s), is C ∞ poly (R × + )-mean-periodic. The proof uses some of analytic properties of arithmetic zeta functions and does not appeal to higher dimensional adelic analysis. Conversely, if
has a meromorphic continuation to C and satises the expected functional equation, whose sign is ε. Note that a similar statement holds for H ζ S ,m (t) := h ζ S ,m (e −t ). In particular, as a consequence, we get a correspondence C : S → h ζ S ,m ζ S from the set of arithmetic schemes whose zeta function ζ S (s) has the expected analytic properties to the space of C ∞ poly (R × + )-mean-periodic functions.
It should be mentioned that a study of relations with mean-periodic functions and Dirichlet series which do not include arithmetic zeta functions was conducted in [3].
1.5. The case of zeta functions of models of elliptic curves. Let E be an elliptic curve over the number eld K and q E its conductor. We denote r 1 the number of real archimedean places of K and r 2 the number of conjugate pairs of complex archimedean places of K. A detailed study of essentially three objects associated to E is done in this
• if the completed L-function Λ(E, s) can be extended to a meromorphic function of expected analytic shape on C and satises the functional equation See Theorem 5.6 and Theorem 5.13 for complete statements. Very briey, the proofs employ the following three properties:
(1) polynomial bound in t for |L(E, σ + it)| in vertical strips;
(2) exponential decay of the gamma function in vertical strips; (3) polynomial bound in t n for |L(E, σ+it n )| −1 in vertical strips for certain sequences t n tending to innity.
The rst and second properties are essential in the proof of Theorem 4.7, the last property is used in the proof of Theorem 4.2.
The right spaces in which the functions are mean-periodic is one of the results of this paper. It is explained in Remark 5.12 that the function h E (x) cannot be C(R × + )-mean periodic or C ∞ (R × + )-mean-periodic and that the function H E (t) cannot be C(R)-mean periodic or C ∞ (R)-mean-periodic. Remark 5.9 focuses on the fact that the function h E (x) encodes in its Fourier series some information on the poles of ζ E (s), which are mainly the non-trivial zeros of L(E, s).
The zeta functions of arithmetic schemes is the fundamental object in number theory.
The pioneering papers of Hecke and Weil initiated a fruitful development in number theory, which emphasized the use of modular functions in the study of L-functions. Every zeta function of arithmetic scheme is the product of rst or minus rst powers of some L-functions which are called the L-factors of the zeta function. Currently, modularity of all L-factors of the zeta function of an arithmetic scheme of dimension greater than one is known only in very few cases. Several decades of the study led to the Wiles and others proof of modularity of the L-function of elliptic curves over rationals. An extension of that method to elliptic curves over totally real elds would lead to the meromorphic continuation and functional equation of their L-function. In particular, in all such cases we get mean-periodicity of the function H E associated to the zeta function of the curve over those number elds, see 5.6. Unfortunately, the method of the proof of the Wiles theorem does not seem to be extendable to handle the general case of elliptic curves over number elds. This paper suggests to study the conjectural meromorphic continuation and functional equation of zeta functions of arithmetic schemes without dealing with the L-factors of the zeta functions and without proving their modularity. Instead it relates those properties of the zeta functions to mean-periodicity of associated functions. We expect meanperiodicity to be very useful in the study of the zeta function of arithmetic schemes.
We hope it is easier to establish mean-periodicity of associated functions for the whole zeta function than to prove automorphic properties of all L-factors of the zeta function.
In particular, two-dimensional adelic analysis uses underlying geometric structures and is expected to help to prove mean-periodicity of H E for all elliptic curve over arbitrary global elds without any restrictions.
1.6. Other results. The location of poles of ζ(s) and single sign property of h ζ (x), whose study was initiated in [14, Section 4.3] , [15, Section8] and [39] , is the subject of a general Proposition 4.10.
The poles of the inverse of the Dedekind zeta functions are studied from this point of view in Proposition 6.1 and Proposition 6.3.
Products and quotients of completed L-functions associated to cuspidal automorphic representations are briey discussed in Section 6.2.
From Eisenstein series we get continuous families of mean-periodic functions constructed in Section 6.3, which leads to several interesting questions. Corollary 4.6 contains a new general explicit formula which involves the sum over all integers and thus diers from the standard explicit formulas for L-functions.
A variety of open interesting questions naturally arizes. One of them is this: in the context of automorphic representations, there are many operations (tensor product, symmetric power, exterior power, functoriality), which give rise to dierent automorphic L-functions. Is it possible to translate these operations in the world of mean-periodic functions? Another fundamental question is to study the image of the map C.
1.7. Organisation of the paper. The general background on mean-periodic functions is given in Section 2. In Section 3, we give some sucient conditions, which implies that the Mellin transforms of real-valued function on R × + of rapid decay at +∞ and polynomial order at 0 + have a meromorphic continuation to C and satisfy a functional equation (see Theorem 3.2). All the general results on mean-periodic functions are proved in Section 4. In the next two sections, we go in the opposite direction, deducing from analytic properties of zeta functions mean-periodicity of associated functions. Various links between mean-periodicity and analytic properties of zeta functions of schemes, in particular zeta functions of models of elliptic curves, are shown in Section 5. Section 6 provides many further instances of mean-periodic functions arising from number theory including those coming from Dedekind zeta functions, standing in the denominator, and families of mean-periodic functions. Appendix A contains an analytic estimate for general L-functions, which enables us to apply the general results on mean-periodicity in relevant cases for number theory.
Notation Z + stands for the non-negative integers and R × + for the positive real numbers. If k is an integer and x is a positive real number then log k (x) := (log x) k .
Mean-periodic functions
In this section, we give some information on mean-periodic functions, which rst appeared 2.1. Generalities. Three denitions of mean-periodicity are given in a very general context and links between them are mentioned. Let X be a locally convex separated topological C-vector space. Such space is specied by a suitable family of seminorms.
In this paper, it will always be a Fréchet space or the inductive or projective limit of Fréchet spaces. Let G be a locally compact topological abelian group. Denote by X * the topological dual space of X for some specied topology. We assume that there is a (continuous) representation
For f ∈ X, we denote by T (f ) the closure of the C-vector space spanned by
.
Let us assume that there exists an involution map : X → X f →f .
For f ∈ X and ϕ ∈ X * , we dene the convolution f * ϕ :
where , is the pairing on X × X * .
Denition 2.2 f ∈ X is X-mean-periodic if there exists a non-trivial element ϕ of X * satisfying f * ϕ = 0.
Finally, let us assume that
• X is a C-vector space of functions or measures or distributions on G,
• there exists an open set Ω ⊂ C such that the exponential polynomial P (t)e λt (respectively x λ P (log x)) belongs to X for any polynomial P with complex coefcients and any λ ∈ Ω.
Denition 2.3 f ∈ X is X-mean-periodic if f is a limit (with respect to the topology of X) of a sum of exponential polynomials belonging to T (f ) .
The rst and second denitions are equivalent in a large class of spaces X where the Hahn-Banach theorem is applicable. The equivalence between the rst and third denitions depends on X and is related to the following spectral problems (see [21, Section 2.3]). The spectral synthesis holds in X if
for any f in X satisfying T (f ) = X. A representation of a mean-periodic function as a limit of exponential polynomials generalizes the Fourier series representation for continuous periodic functions. If X = C(R) (see [21, Sections 4 and 5] and [27]) or C ∞ (R) (see [33] ) then the three denitions are equivalent since the spectral synthesis holds in these spaces. The spectral analysis holds in X if for any f in X there exists a nite-dimensional translation invariant subspace X 0 of X contained in T (f ). For instance, T (t n e λt ) is a nite-dimensional invariant subspace if G = R.
2.2. Quick review on continuous and smooth mean-periodic functions. Let X = C(R) be the space of continuous functions on R with the compact uniform convergence topology. It is a Fréchet space, hence completed and locally convex, whose dual space X * = M 0 (R) is the space of compactly supported Radon measures. The pairing between f ∈ C(R) and µ ∈ M 0 (R) is given by
and the additive representation τ + by ∀(x, y) ∈ R 2 , ∀f ∈ X, τ 
This will be done in a more general context in Section 2.6.
2.3. Some relevant spaces with respect to mean-periodicity. In this section, we introduce several spaces for which the elements of the dual space are not necessarily compactly supported. Let C ∞ exp (R) be the C-vector space of smooth functions on R, which have at most exponential growth at ±∞ namely 
as t → +∞ and t → 0 + . The space C ∞ poly (R × + ) is endowed with a topology such that the bijection 
where the denitions of the involutionˇand of the representation τ + are adapted from (2.1) and (2.2). One can dene the multiplicative convolution f * × ϕ :
Let S(R) be the Schwartz space on R which consists of smooth functions on R satis- 
One of the family of seminorms on S(R × + ) dening its topology is given by f m,n = sup
for m ∈ Z and n ∈ Z + . The strong Schwartz space S(R × + ) is a Fréchet space over the complex numbers where the family of seminorms dening its topology is given in (2.6).
In fact, it is a projective limit of Fréchet spaces (F m ) m 1 since a decreasing intersection of Fréchet spaces is still a Fréchet space. This space is closed under the multiplication by a complex number and the pointwise addition and multiplication ( [26] ). The strong Schwartz space S(R) and its topology are dened via the homeomorphism 
is a weak-tempered distribution if and only if the condition lim k→+∞ f k m,n = 0 for all multi-indices m, n
where the multiplicative involution is given byf (x) := f (x −1 ). One can dene the additive convolution f * + ϕ : R → C of f ∈ S(R) and ϕ ∈ S(R) * thanks to the homeomorphism H S . The multiplicative dual representation τ ×, * on S(R × + ) * is dened by f, τ ×, *
One can dene the additive dual representation τ +, * on S(R) * thanks to the homeomorphism H S . If V is a C-vector space then the bidual space V * * (the dual space of V * with respect to the weak * -topology on V * ) is identied with V in the following way. For a continuous linear functional F on V * with respect to its weak * -topology, there exists v ∈ V such that F (v * ) = v * (v) for every v * ∈ V * . Therefore, we do not distinguish the pairing on V * * × V * from the pairing on V × V * . Under this identication, it turns out
where A ≺ B means that A is a subset of B and that the injection map A → B is continuous.
2.4. Mean-periodic functions in these relevant spaces. In this section, X always stands for one of the spaces
x ∈ X is said to be Xmean-periodic if there exists a non-trivial element x * in X * satisfying x * × x * = 0.
For x ∈ X, we denote by T (x) the closure of the C-vector space spanned by {τ g (x), g ∈ G} where
Hahn-Banach theorem leads to another denition of X-mean-periodic functions. Proposition 2.6 An element x ∈ X is X-mean-periodic if and only if T (x) = X. The previous denitions and identications lead to the following links between the dierent X-mean-periodicities. Let L 1 loc,exp (R) be the space of locally integrable functions H(t) on R satisfying H(t) = O(exp(a|t|)) as |t| → +∞ for some real number a 0.
• If H(t) is S(R) * -mean-periodic and F * + H = 0 for some non-trivial F ∈ S(R), which is continuous and compactly supported on R, then H(t) is C(R)-meanperiodic.
2.5. Mean-periodicity and analytic properties of Laplace transforms I. Let G = R and X be a locally convex separated topological C-vector space consisting of functions or distributions on G. Developing the theory of LaplaceCarleman transforms on X requires the following additional properties on X:
• there exists an open set Ω ⊂ C such that every exponential monomial t p e λt with p ∈ Z + and λ ∈ Ω belongs to X,
is a holomorphic function on Ω for all ϕ ∈ X * .
• if f * + ϕ = 0 for some ϕ ∈ X * \ {0} then the two sided Laplace transforms
and
are holomorphic functions on Ω, where
Of course, X = C(R) and X = C ∞ (R) both satisfy the previous conditions with Ω = C since the respective dual spaces consist of compactly supported measures and distributions.
for a ϕ ∈ X * \ {0} satisfying f * + ϕ = 0.
It is easy to see that LC(f )(s) does not depend on the particular choice of ϕ ∈ X * \ {0} satisfying f * + ϕ = 0. Its main analytic properties are described in the following proposition (see essentially [27, Section 9.3]).
Proposition 2.9 Let X be a locally convex separated topological C-vector space consisting of functions or distributions on R satisfying the conditions above.
• If f is a X-mean-periodic function, then its LaplaceCarleman
Proving some functional equations may sometimes be done thanks to the following proposition.
Proposition 2.10 Let
and f 2 (t) be two X + -mean-periodic functions whose Laplace transforms are dened on e(s) > σ 0 for some σ 0 . If
for some complex number ε of absolute value one, then the LaplaceCarleman transforms LC(f 1 )(s) and LC(f 2 )(s) of f 1 (t) and f 2 (t) satisfy the functional equation
Proof of Proposition 2.10. Let ϕ 1 , ϕ 2 = 0 be two elements of X * + satisfying f 1 * + ϕ 1 = 0 and f 2 * + ϕ 2 = 0. If e (s) > σ 0 then
the last line being a consequence of the functional equation satised by f 1 and f 2 . Thus, Remark 2.11 In the previous proof, the formal equality (3.7) is implicitly used. For instance, if f 1 (t) = f 2 (t) and ε = +1 then the C(R)-mean-periodicity of f 1 (t) can be formally written as
Such formal equality can be compared with the formal Euler equality n∈Z z n = 0 (z = 1), which Euler used to calculate values of ζ(s) at negative integers. This equality was also used in the proof of rationality of zeta functions of curves over nite elds ( [32] ). For modern interpretations of the Euler equality, see [6] and also [13, Section 8].
2.6. Mean-periodicity and analytic properties of Laplace transforms II. The multiplicative setting is sometimes more convenient in analytic number theory than the additive one. In particular, it is used in the study of boundary terms of two-dimensional zeta integrals in which case R × + = |J S | (see [14, Section 35] ). This is the reason why we dene the multiplicative analogue of the LaplaceCarleman transform. Of course, all the arguments provided below hold in the additive setting via the change of variable
If there is no confusion, we denote ϕ h by h itself and use the notations f, h = f, ϕ h and
then the multiplicative convolution f * × ϕ h coincides with the ordinary multiplicative convolution on functions on R
are entire functions on C.
Proof of Lemma 2.12. On one hand, f * × h − is of rapid decay as x → 0 + and on the other hand, f * h + is of rapid decay as x → +∞. Both are of rapid decay as x → 0 + and as x → +∞ since f * × h − = −f * × h + . Hence the Mellin transforms of f * h ± are dened on the whole complex plane and entire.
The change of variable x → t = − log x entails that the MellinCarleman transform coincides with the LaplaceCarleman transform namely
As a consequence, MC(h) does not depend on the particular choice of non-trivial f satisfying f * × h = 0.
Proposition 2.14 Let h be an element of L 1 loc,poly
is a meromorphic function on C. Proof of Proposition 2.14. It follows immediately from the fact that the Mellin transform M(f )(s) is an entire function since f ∈ S(R × + ) and from Lemma 2.12.
Let us focus on the fact that the MellinCarleman transform MC(h)(s) of h(x) is not a generalization of the Mellin transform of h but is a generalization of the following integral, half Mellin transform,
according to the following proposition.
and if the integral 1 0 h(x)x s dx/x converges absolutely for e(s) > σ 0 for some real number σ 0 then
The following proposition is the analogue of Proposition 2.10 and its proof is omitted.
are dened on e(s) > σ 0 for some σ 0 . If
for some complex number ε of absolute value one then the MellinCarleman transforms MC(f 1 )(s) and MC(f 2 )(s) of f 1 (x) and f 2 (x) satisfy the functional equation
Finally, let us mention the following result, which is the analogue of [21, Theorem
Page 23].
Proposition 2.17 Let h ∈ L 1 loc,poly (R × + ) and let P (t) be a polynomial of degree n with complex coecients. Let us assume that h is S(R × + ) * -mean-periodic. The exponential polynomial x λ P (log x) belongs to T (h) if and only if λ is a zero of order at least n of the Mellin transform M(f )(s) of f , where f runs through all elements of S(R × + ) satisfying f * × h = 0. Moreover, x λ P (log x) belongs to T (h) if and only if λ is a pole of order at least n of the MellinCarleman transform MC(h)(s) of h.
3. Mean-periodicity and analytic properties of boundary terms
is a holomorphic function on e (s) 0. We are interested in necessary and sucient conditions on f , which imply the meromorphic continuation and functional equation of M(f )(s). We get immediately where
where ε is ±1. Assumption (1) ensures that ϕ f,ε (s) is an entire function satisfying the functional equation
Thus, the meromorphic continuation of ω f,ε (s) is equivalent to the meromorphic continuation of M(f )(s), and the functional equation
The functions h f,ε (x) and H f,ε (t) are called boundary terms, having in mind the motivation given in Section 1.1. The issue is then the following one. What property of the boundary terms ensures that their Laplace transforms admit a meromorphic continuation to C and satisfy a functional equation? One possible answer, in which the keyword is mean-periodicity, is given in the two following parts. We shall see there that
In this section, X + will be one of the following spaces
S(R) * whose dual is dened in (2.7)
whereas X × will be one of the following spaces
For the denitions of X + -mean periodic functions and of X × -mean periodic functions, we refer the reader to Section 2.
3.2. Mean-periodicity and meromorphic continuation of boundary terms. The general theory of mean-periodic functions asserts that if h f,ε , dened in (3.2), is X × -mean-periodic then ω f,ε , dened in (3.1), admits a meromorphic continuation to C. More precisely, the MellinCarleman transform MC (h f,ε ) of h f,ε (see Denition 2.13) is the meromorphic continuation of ω f,ε (see Proposition 2.14 and Proposition 2.15). Similarly, if H f,ε dened in (3.3) is X + -mean-periodic then its Laplace transform ω f,ε (s) (see (3.4)) admits a meromorphic continuation to C. Indeed, the LaplaceCarleman transform
is the meromorphic continuation of ω f,ε (see Proposition 2.9). 
(3.5) according to (3.2). In other words, the function h f,ε :=
In terms of H f,ε (t), it exactly means that the function H f,ε (t) := e −t/2 H f,ε (t) satises
In general, (3.5) does not imply the functional equation
Let us assume that ω f,ε (s) satises the functional equation ω f,ε (s) = εω f,ε (1 − s). It can be formally written as
(3.6)
The right-hand side is equal to
according to (3.5). Hence we get
Conversely, if we suppose (3.7) then we formally obtain (3.6) by using (3.5). As a consequence, we guess that, under the meromorphic continuation of ω f,ε (s), the functional equation of ω f,ε (s) is equivalent to (3.5) and (3.7), and (3.7) corresponds to meanperiodicity.
Once again, the general theory of mean-periodic functions asserts that if h f,ε (x), de-
according to Proposition 2.16. This is equivalent to the functional equation
according to Proposition 2.10. This is equivalent to the functional equation . Using the map z → exp(−iz) we deduce that if ib n , b n > 0, are some of zeros of an entire function bounded in the vertical strip | e (s)| < π/2 then exp (−b n ) < ∞. Now choose a sequence (a n ) of positive real numbers such that the set {ia n } is not a subset of all zeros of any entire function bounded in the vertical strip | e (s)| < π/2. For example, using what has been said previously in this remark, one can take a n = log n. Choose suciently fast decaying non-zero coecients c n so that H(t) = c n sin(a n t) belongs to the space X + of smooth functions of exponential growth and its Laplace transform w(s) = c n a n /(s 2 + a 2 n ) is a symmetric meromorphic function on the complex plane. Assume that H(t) is X + -mean-periodic. Then H * + τ = 0 for some non-zero τ ∈ X * + .
Convolving τ with a smooth function we can assume that τ is a smooth function of over exponential decay. Mean-periodicity of H(t) implies that the meromorphic function w(s) coincides with the LaplaceCarleman transform of H(t), and so the set of poles {±ia n } of w(s) is a subset of zeros of the two sided Laplace transform of τ . Note that the two sided Laplace transform of a smooth function with over exponential decay is an entire function v(s) such that for every positive integer m the function |v(s)|(1 + |s|) m is bounded in the vertical strip | e (s)| < m. The choice of the sequence (a n ) gives a contradiction. Hence the function H(t) is not X + -mean-periodic and its Laplace transform extends to a symmetric meromorphic function.
3.4. Statement of the result. Let us encapsulate all the previous discussion of this section in the following theorem.
+ of rapid decay as x → +∞ and of polynomial order as x → 0 + . Let ε = ±1.
admits a meromorphic continuation to C and satises the functional equation
More precisely,
where ω f,ε (s) coincides on e (s) 0 with
, admits a meromorphic continuation to C given by the MellinCarleman transform MC (h f,ε ) (s) of h f,ε (t) and satises the functional equation
• If H f,ε (t) = h f,ε (e −t ) is a X + -mean-periodic function then the Mellin transform M(f )(s) of f (x) admits a meromorphic continuation to C and satises the functional equation
where ω f,ε (s) coincides on e (s) 0 with the Laplace transform L (H f,ε ) (s) of H f,ε (t), admits a meromorphic continuation to C given by the LaplaceCarleman transform LC (H f,ε ) (s) of H f,ε (t) and satises the functional equation
4. On a class of mean-periodic functions arising from number theory
In this section, we show that for a certain class of functions, which naturally come from number theory (zeta functions of arithmetic schemes), their meromorphic continuation and their functional equation are essentially equivalent to mean-periodicity of some associated functions. 4.1. Functions which will supply mean-periodic functions. Firstly, we dene some suitable set of functions, from which mean-periodic functions will be built.
Denition 4.1 F is dened by the set of complex-valued functions Z(s) of the shape
where γ(s) and D(s) are some meromorphic functions on C with the following conditions
• all the poles of Z(s) belong to the vertical strip | e (s)−1/2| w for some w > 0, • γ(s) satises the uniform bound
for all real numbers a b and every real number A > 0,
for some real number A 1 , • there exists a real number A 2 and a strictly increasing sequence of positive real numbers {t m } m 1 satisfying
uniformly for σ ∈ [1/2 − w − δ, 1/2 + w + δ] for some δ > 0 and for all integer m 1.
If λ is a pole of Z(s) in F of multiplicity m λ 1 then the principal part is written as 
where ε is a complex number of absolute value one. Let us dene h 12 (x) by
The functions h 12 (x) and h 21 (x) are at most of polynomial growth as x → 0 + and x → +∞ since f Z 1 and f Z 2 are of rapid decay as x → +∞ and are at most of polynomial growth as x → 0 + . The purpose of this section is to establish mean-periodicity of these functions.
4.2. Mean-periodicity of these functions. 
(4.8)
In addition, if Z 1 (s) and Z 2 (s) satisfy the functional equation Remark 4.5 Of course, the estimate (4.3) can be relaxed if we have some stronger estimate for γ(s), for instance some exponential decay in vertical strip. The main condition is that one can choose a sequence {t m } m 1 such that |Z(σ + it m )| = O(t −a m ) uniformly in | e (s) − 1/2| w + δ, |t| t 0 and for some a > 1.
Proof of Theorem 4.2. Equation (4.8) is essentially trivial. From denition (4.5), f Z 1 (x) and f Z 2 (x) are continuous functions on R × + , which entails that h 12 (x) and h 21 (x) are also continuous functions on R × + by (4.6). The functional equation (4.8) is an immediate consequence of (4.6) and (4.7). The second assertion is implied by the rst one and the fact that 
where C m (λ) = 0 (1 m m λ ) are dened in (4.4). We cut the rectangle symmetrically at the points 1/2 ± iT . By the functional equation (4.9), the integral on the left part of this rectangle equals −ε 1 ε 2 x −1 times the same integral on the right part of this rectangle in which Z 1 is replaced by Z 2 and x is replaced by x −1 . Thus,
where R 1 (Z 1 , x, T ) (and similarly R 1 (Z 1 , x −1 , T )) is given by
Equation (4.2) implies that for i = 1, 2,
uniformly on every compact set of R × + and for every large A > 0. By (4.1) and (4.3), we can take an increasing sequence (t m ) m 1 so that for i = 1, 2
uniformly on every compact set of R × + and for every large A > 0. As a consequence,
in the sense of the compact uniform convergence.
A closer inspection of the proof of the previous theorem reveals that, in some particular case, we also establish a kind of summation formula for the poles of the functions belonging to F. This formula is described in the following corollary. 
where φ ∨ (x) = x −1 φ(x −1 ), κ(x) is the inverse Mellin transform of γ(s) namely
Proof of Corollary 4.6. If Z 1 (s) = Z 2 (s) = Z(s) then we notice that
which implies
Equation (4.10) implies that
The corollary follows from multiplying by φ(x −1 ) and integrating over R × + with respect to the measure dx/x Theorem 4.7 Let Z 1 (s) = γ 1 (s)D 1 (s) and Z 2 (s) = γ 2 (s)D 2 (s) be two elements of F satisfying the functional equation
for some complex number ε of absolute value one. Let us suppose that Z 1 (s) and Z 2 (s) can be written as
for i = 1, 2 where U i (s) and V i (s) (i = 1, 2) are some entire functions satisfying the functional equations
for some complex numbers ε U , ε V of absolute value one, and satisfying the bounds
for some δ > 0 in every vertical strip of nite width a σ b and every |t| 1. Under the previous assumptions, the functions h 12 (x) and h 21 (x), which are dened in (4.6), satisfy For example, let ζ Γ (s) be the Selberg zeta function associated to a discrete co-compact torsion free subgroup Γ of SL 2 (R). Then ζ Γ (s) is an entire function of order two which has the simple zero at s = 1, order 2g − 1 zero at s = 0 and has the functional equation
where g > 1 is the genus of Γ\SL 2 (R)/SO(2) and Γ 2 (s) is the double gamma function 
The MellinCarleman transform of h Γ is the rational function c 1 (s − 1) −1 − c 0 s −1 . However, as mentioned above, Z Γ is a meromorphic function of order two.
Proof of Theorem 4.7. We only prove the result for h 12 . Let u i be the inverse Mellin transform of U i namely
and v i be the inverse Mellin transform of V i namely
for i = 1, 2. These integrals converge for every real number c according to (4.13). In addition, these functions belong to S(R × + ) by shifting the contours to the right or to the left. Let us dene f (x) := x −1 f (x −1 ). We remark that
according to the functional equation (4.11). In addition, v 1 = ε V v 2 by the functional equation (4.12).
As a consequence, ε U v 2 = εv 1 (4.15) since ε = ε U ε V −1 . Equations (4.14) and (4.15) altogether imply
4.3. On single sign property for these mean-periodic functions. Proposition 4.10 Suppose that a function h(x) satises the following conditions
• there exists t 0 > 0 such that h(e −t ) is of constant sign on (t 0 , +∞), • the MellinCarleman transform MC (h) (s) of h(x) has no poles in (1/2 + δ, +∞) for some 0 δ < w where w is the positive real number in Denition 4.1. Then all the poles of MC (h) (s) belong to the strip | e(s) − 1/2| δ. In particular, if MC (h) (s) does not have any poles on (1/2, +∞) namely δ = 0 then all the poles of MC(h)(s) are on the line e (s) = 1/2. 5.1. Background on zeta functions of schemes. Let S be a scheme of dimension n.
Its (Hasse) zeta function is the Euler product
whose Euler factors correspond to all closed points x of S, say x ∈ S 0 , with residue eld of cardinality |k(x)|. It is known to converge absolutely in e(s) > n. If S is a B-scheme then the zeta function ζ S (s) is the product of the zeta functions ζ S b (s) where S b runs through all bres of S over B.
Let K be a number eld. Let E be an elliptic curve over K. 
where n E (s) is the product of zeta functions of ane lines over nite extension k(b j ) of the residue elds k(b):
and q j = |k(b j )| (1 j J), J is the number of singular bres of E. See [15, Section 7.3] and also [5, Section 1]. Note that n E (s) ±1 are holomorphic functions on e (s) > 1.
In the next sections we look at the L-functions of elliptic curves, Hasse-Weil zeta functions of elliptic curves and zeta functions of regular models of elliptic curves, and then at the zeta functions of arithmetic schemes.
5.2. Conjectural analytic properties of L-functions of elliptic curves. Let K be a number eld. Let E be an elliptic curve over K, denote its conductor by q E . The L-function L(E, s) has an absolutely convergent Euler product and Dirichlet series on e (s) > 3/2, say L(E, s) := n 1 a n n s .
The completed "L-function" Λ(E, s) of E is dened by
Here, r 1 is the number of real archimedean places of K, r 2 is the number of conjugate pairs of complex archimedean places of K, and ΓC ( Hypothesis Nice − Ell(K) (respectively Nice − Ell(K)) If E is an elliptic curve over the number eld K then the function Λ(E, s) is a completed L-function (respectively almost completed L-function) in the sense that it satises the following nice analytic properties:
• it can be extended to a holomorphic function (respectively meromorphic function with nitely many poles) of order 1 on C, • it satises a functional equation of the shape
for some sign ω E = ±1.
Remark 5.1 If E is an elliptic curve over a general number eld K with complex multiplication then its completed L-function is nice by the work of Deuring. If K = Q then Hypothesis Nice − Ell(Q) is implied by the theorem of Wiles and others that an elliptic curve over the eld of rational numbers is modular. More generally, extensions of the modularity lifting property is expected to give meromorphic continuation and functional equation for L-functions of elliptic curves over totally real elds. However, this method cannot handle elliptic curves over arbitrary number elds.
Remark 5.2 Assuming Hypothesis Nice − Ell(K), the L-function L(E, s) of every elliptic curve E over K satises the convexity bounds One of the purposes of this section is to establish a strong link between Hypothesis Nice − Ell(K) and mean-periodicity. This will be achieved by investigating analytic properties of (Hasse) zeta functions of elliptic curves, in agreement with the philosophy of [14].
5.3. HasseWeil zeta functions of elliptic curves. Let K be a number eld. Remember that the completed Dedekind zeta function of K is given by
with ΓR(s) = π −s/2 Γ(s/2) as usual and ΓC(s) has already been dened in the previous section. Λ K (s) is a meromorphic function of order 1 on C with simple poles at s = 0, 1, which satises the functional equation
Moreover, ζ K (s) satises the convexity bounds 
The functional equation Γ(s + 1) = s Γ(s) and the equality 2 ΓC(s) = ΓR(s) ΓR(s + 1), which is implied by Legendre's duplication formula, lead to
Λ(E, s) .
As a consequence, Hypothesis Nice − Ell(K) implies the following hypothesis.
Hypothesis Nice − HW(K) For every elliptic curve E over the number eld K, the HasseWeil zeta function ζ E (s) satises the following nice analytic properties:
• it can be extended to a meromorphic function on C,
• it satises a functional equation of the shape
Remark 5.3 Note that the constants in the conjectural functional equations of the Hasse
Weil zeta functions of elliptic curves are much simpler than in the conjectural functional equations of L-functions of elliptic curves. In particular, they do not depend on the discriminant of the eld. Also note the absence of gamma-factors in the functional equations of the HasseWeil zeta functions of elliptic curves. Even the total conjectural sign in the functional equations does not depend on archimedean data associated to K.
The HasseWeil zeta functions of elliptic curves are, from several points of view, more basic objects than the L-functions of elliptic curves.
Remark 5.4 Hypothesis Nice − HW(K) implies the meromorphic continuation of Λ(E, s) and the conjectural functional equation of Λ(E, s) for every elliptic curve E over the number eld K. In particular, Hypothesis Nice − HW(K) recover the gamma-factor L ∞ (E, s) and the norm of the conductor N K|Q (q E )|d K | 2 of L(E, s) by (5.5) and the one-dimensional study of ζ K (s).
Remark 5.5 The automorphic property of the L-function does not transfer to any automorphic property of the whole ratio, the HasseWeil zeta function of elliptic curve. It is then natural to wonder which replacement of automorphic property should correspond to HasseWeil zeta functions of elliptic curves. This work shows mean-periodicity is one of such replacements.
Here we state the following hypothesis on mean-periodicity.
then the function
, where f Z E is the inverse Mellin transform of Z E dened in (4.5).
Clearly, mean-periodicity for h E (x) and mean-periodicity for H E (t) are equivalent.
One link with mean-periodicity is described in the following theorem.
Theorem 5.6 Let K be a number eld. Then
• Hypothesis Nice − Ell(K) implies Hypothesis Mp − HW(K).
• Hypothesis Mp − HW(K) implies Hypothesis Nice − HW(K).
Remark 5.7 We have already mentioned that Hypothesis Nice − Ell(Q) holds. As a consequence, the two other hypothesis are also true. Let us give some more information on the mean-periodic functions, which occur in this particular case (see Corollary 4.6).
If E is an elliptic curve over Q and
where the coecients C m (λ) (1 m m λ ) are dened in (4.4). 
In addition, Z E (s) belongs to F since Λ K (s) has two poles and the poles of γ(s) and D(s) are in the vertical strip | e (s) − 1/2| 1/2 := w and • the estimate (4.1) follows from Stirling's formula and classical convexity bounds for Dedekind zeta functions given in (5.4),
• the estimate (4.2) follows from the Dirichlet series expansion of ζ E (s) for e(s) > 2, • the crucial condition (4.3) is an application of Proposition A.2 and the convexity bounds for the Dedekind zeta function given in (5.4).
From Hypothesis Nice − Ell(K), the function P (s)L(E, s) is an entire function for some polynomial P (s) satisfying P (s) = P (1 − s). Adopting the same notation as in Theorem 4.7, we choose U 1 (s) = U 2 (s) = U (s) and V 1 (s) = V 2 (s) = V (s) where
U (s) and V (s) are entire functions satisfying the functional equations
The estimate (4.13) is a consequence of Stirling's formula and convexity bounds for P (s)L(E, s) and the Dedekind zeta function given in (5.2) and in (5.4).
We get, arguing along the same lines, the following proposition.
Proposition 5.8 Let K be a number eld and E be an elliptic curve over K.
• If Hypothesis Nice − Ell(K) holds then the function
extends to a meromorphic function on C, which satises the functional equation
If E is an elliptic curve over Q of conductor q E , which only satises Hypothesis Nice − Ell(Q), then the mean-periodic function h
where K 0 is the modied Bessel function, the coecients C m (λ) (1 m m λ ) are dened in (4.4), the coecients (c m ) m 1 are dened in (5.6) and σ 0 (n) = d|n 1 for integer n 1 as usual. In addition, the function
belongs to S(R × + ) and satises v * × h (2) E = 0 where the coecients (a n ) n 1 are dened in (5.1) and
Remark 5.10 Using the series representation in the right-hand side of (5.7) and the right-hand side of (5.8) one can directly check that h (2)
is of rapid decay as x → 0 + then it implies the meromorphic continuation of ζ 2 E (s) and its functional equation, without using the modularity property of E.
Remark 5.11 Let E be an elliptic curve over Q and let h
All these three functions are C ∞ poly (R × + )-mean-periodic by the assumption. As a conse-
where MC h Remark 5.12 Finally, let us explain why the functions h E (e −t ) and h (2) E (e −t ) cannot be C(R)-mean-periodic neither C ∞ (R)-mean-periodic. For instance, let us assume that H E (t) = h E (e −t ) is C(R)-mean-periodic and that Λ(E, s) is nice. We can choose a non-trivial compactly supported measure µ on R satisfying H E * µ = 0. According to the explicit formula (5.7), the poles of the LaplaceCarleman transform LC(H E )(s) are exactly the poles of Z E (s) with multiplicities. Thus, if λ ∈ C \ {0, 1/2, 1} is a pole of LC(H E )(s) then λ is a non-trivial zero of L(E, 2s) of multiplicity M λ 1 and a nontrivial zero of ζ K (s) of multiplicity n λ < M λ . Let Λ E be the multiset (with multiplicities) of poles of LC(H E )(s) (except 0,1/2 and 1 as previously) and let Z E be the multiset (with multiplicities) of non-trivial zeros of L(E, 2s). We have just seen that Λ E ⊂ Z E . On one hand, there exists a constant C E = 0 such that
according to [20, Theorem 5.8] . On the other hand, the set Λ E is a subset of the multiset (with multiplicities) of the zeros of L ± (µ)(s) by denition of the LaplaceCarleman transform. According to [24, Page 97] , the function L ± (µ)(s) belongs to the Cartwright class C, which is the set of entire functions ψ of exponential type satisfying
Here, the fact that µ is compactly supported is crucial. It implies that ( [24, Equation
Statistically speaking, this means that if 2λ is a zero of L(E, s) of multiplicity M λ then λ is a zero of ζ K (s) of multiplicity greater than M λ . Of course, such result would not agree with the general admitted expectation that zeros of essentially dierent L-functions are linearly independent (see [9, Page 13]).
5.4. Zeta functions of models of elliptic curves. Let E be an elliptic curve over K of conductor q E and E be a regular model of E over K. In the two-dimensional adelic analysis the Hasse zeta function of E is studied via its lift to a zeta integral on a certain two-dimensional adelic space, see [15] . We assume that E satises all the conditions given in [15, Sections 5.3 and 5.5], i.e. the reduced part of every bre is semistable and E has good or multiplicative reduction in residue characteristic 2 and 3. If f 0 is a well-chosen test function in the SchwartzBruhat space on some two-dimensional adelic space then the two-dimensional zeta integral ζ E (f 0 , s) dened in [15, Section 5] equals
por numeril omputtionsD see http://www.maths.nott.ac.uk/personal/ibf/comp.html where i runs through nitely many indices and K i are nite extensions of K which include
Let us say a few words on the constant c E . We know that
according to [36, Section 4 .1] and that
otherwise where m b is the number of irreducible geometric components of the bre ( [15, Section 7.3]). As a consequence, the constant c E satises
according to [15, Section 7.3] .
In [15] it is conjectured that the two-dimensional zeta integral satises the functional
(note that the completed rescaled zeta functions of K i will cancel each out in the functional equation). It is easy to check the compatibility with the previously seen functional equations. If ζ E (s) satises the functional equation Hypothesis Nice − H(K) For every elliptic curve E over the number eld K and regular model E of E the zeta function ζ E (s) satises the following nice analytic properties:
Another link with mean-periodicity is described in the following theorem.
Theorem 5.13 Let K be a number eld.
• Hypothesis Nice − Ell(K) implies Hypothesis Mp − H(K).
• If Hypothesis Mp − H(K) or Hypothesis Mp − HW(K) holds then Hypothesis Nice − HW(K) and Hypothesis Nice − H(K) hold.
Remark 5.14 We do not describe the explicit formula for h E (e −t ) here but let us say that such formula should contain the contribution of the poles of n E (2s).
Proof of Theorem 5.13. We have already seen that Hypothesis Nice − HW(K) and Hypothesis Nice − H(K) are equivalent. Hence the second assertion is a consequence of The- 
In addition, Z E (s) belongs to F since each Λ K i (s) has two poles at s = 0, 1 and the poles of γ(s) and D(s) are in the vertical strip | e (s) − 1/2| 1/2 := w and • the estimate (4.1) follows from Stirling's formula and convexity bounds for Dedekind zeta functions given in (5.4),
• the estimate (4.2) follows from the Dirichlet series expansion of ζ E (s) for e(s) > 2 and from the fact that n E (2s) is uniformly bounded on e (s) > 1/2+w, w > 0, • the crucial condition (4.3) is an application of Proposition A.2 and the convexity bounds for the Dedekind zeta function given in (5.4). Note that n E (2s) is a nite
Euler product, which may have innitely many poles only on the critical line e (s) = 1/2 but its set of poles is a well-spaced set namely
is an entire function for some polynomial P (s) satisfying P (s) = P (1 − s). Adopting the same notations as in Theorem 4.7, we choose U 1 (s) = U 2 (s) = U (s) and V 1 (s) = V 2 (s) = V (s) where
U (s) and V (s) are some entire functions satisfying the functional equations
Note that the sign (−1) J , which occurs in the second functional equation, is implied by (5.10). The estimate (4.13) is an easy consequence of Stirling's formula and convexity bounds for L(E, s) and the Dedekind zeta function given in (5.2) and in (5.4).
We get, arguing along the same lines, the following theorem.
Theorem 5.15 Let K be a number eld and E be an elliptic curve over K.
where Z E (s) : 
extends to a meromorphic function on C, which satises the functional equation , 2) are some absolutely convergent Dirichlet series in the half plane
• there exists a polynomial P (s) such that P (s) L i (s) (i = 1, 2) are entire functions on the complex plane of order one, • the logarithmic derivative of L 2 (s) is an absolutely convergent Dirichlet series in the right-half plane e(s) > σ 2 σ 1 .
Under the above assumptions, we dene
and the inverse Mellin transforms
where c > 1/2 + w. Then there exists an integer m Z ∈ Z such that the function
is C ∞ poly (R × + )-mean-periodic and S(R × + ) * -mean-periodic, and the function H Z,m (t) := h Z,m (e −t ) is C ∞ exp (R)-mean-periodic and S(R) * -mean-periodic for every integer m m Z .
(II) Conversely, suppose that there exists a meromorphic function γ(s) on C and an integer m such that
for some δ > 0 for all a b, and that the function
Then the function Z(s) extends meromorphically to C and satises the functional equation 
By the assumption of the theorem the function L 1 (s) has nitely many poles. Using the Dirichlet series representation of L 2 (s) we get L 2 (σ + it) = a n 1 n −σ 1 (1 + o (1))) as e(s) = σ → ∞, for some integer n 1 with a non-zero Dirichlet coecient a n 1 . Therefore L 2 (s) = 0 in some right-half plane e(s) > c 2 σ 1 . Since γ 2 (s) does not vanish for e(s) > σ 1 , the function L 2 (s) has no zeros in the right-half plane e(s) > c 2 σ 1 . We choose • the number of zeros ρ = β + iγ of L 2 (s) such that |γ − T | 1, say m(T ), satises m(T ) log T with an implied constant depends only on γ 2 (s),
for all s = σ + it with d + 1 − c 2 σ c 2 , |t| t 0 , where the sum runs over all zeros ρ = β + iγ such that d + 1 − c 2 β c 2 and |γ − t| < 1 as an application of Proposition A. 
and Stirling's formula give (4.13) for U 1 (s). Similarly, L 2 (s) is polynomially bounded in every vertical strip. By Stirling's formula and V 1 (s) = γ 2 (s)P (s)L 2 (s), we have (4.13) for V 2 (s).
6. Other examples of mean-periodic functions 6.1. Dedekind zeta functions and mean-periodicity. In this part we apply the general results in Section 4 to the Dedekind zeta functions. Let K be a number eld and
Proposition 6.1 Let K be a number eld. The function
is C ∞ poly (R × + )-mean-periodic and S(R × + ) * -mean-periodic, where f Z K is the inverse Mellin transform of Z K dened in (4.5). Moreover, the single sign property for h K and the nonvanishing of Λ K on the real line imply that all the poles of Z K (s) lie on the critical line e (s) = 1/2.
Proof of Proposition 6.1. We can decompose Adopting the same notations as in Theorem 4.7, we choose U 1 (s) = U 2 (s) = U (s) and
The estimate (4.13) is a consequence of Stirling's formula and convexity bounds for
Dedekind zeta functions given in (5.4). Mean-periodicity of h K follows from Theorem 4.2 and Theorem 4.7. The nal assertion of the proposition is a consequence of Proposition 4.10, since Z K (s) is holomorphic at s = 0, 1.
Proposition 6.3 Assume that all the zeros of Λ K (s) lie on the line e(s) = 1/2 and that all the non-real zeros are simple. If
for any positive real numbers A > 0 then the function h K (x) dened in Proposition 6.1 has a single sign on (0, x 0 ) for some x 0 > 0.
Remark 6.4 In the case of the Riemann zeta function, it is conjectured that Proof of Proposition 6.3. Suppose that Λ K (1/2) = 0 for simplicity. The case Λ K (1/2) = 0 is proved by a similar argument. Z K (s) has a double pole at s = 1/2, and all the other poles are simple. Applying Theorem 4.2 to Z K (s) we have
by (4.10), where {γ} is the set of all imaginary parts of the zeros of Λ K (s). Here c 0 and c 1 are given by
Hence, in particular, c 1 is a non-zero real number. As for c γ , we have
Using Stirling's formula, assumption (6.1) and the convex bound (5.4) of ζ K (s), we have
for any positive real number N > 0. Hence we have
uniformly for every x ∈ (0, ∞). Thus
with c 1 = 0 and for all x ∈ (0, ∞). This implies h K (x) has a single sign near x = 0. 
where ε π is the sign of the functional equation and π is the contragredient representation of π.
Proposition 6.5 Let 1 , · · · , n in {±1} and π 1 , · · · , π n some automorphic cuspidal irreducible representations of GL m 1 (A Q ), · · · , GL mn (A Q ) with unitary central characters.
There exists an integer m 0 0 such that for every integer m m 0 , the function
and f Zm (respectively f e Zm ) is the inverse Mellin transform of Z m (respectively Z m ) dened in (4.5).
Remark 6.6 Equivalently, the function H m (t) = h m (e −t ) is S(R) * -mean-periodic and C ∞ exp (R)-mean-periodic. Remark 6.7 We would like to focus on the fact that, unlike for zeta-functions of schemes, the objects are not necessarily self-dual but the general results on mean-periodicity proved in Section 4 are still applicable in this context. Remark 6.8 The proof of the previous proposition is omitted since it is an immediate application of Theorems 4.2 and 4.7. Proving that Z m (s) belongs to F requires the convexity bounds for general L-functions of GL n given in [28, Section 1.3] and, of course, the use of Proposition A.4. 6.3. Eisenstein series and mean-periodicity. In this section, we construct several continuous families of mean-periodic functions, the main tool being Eisenstein series.
For simplicity, let us restrict ourselves to K = Q. Let h be the upper-half plane. The non-holomorphic Eisenstein series attached to the full modular group Γ = PSL(2, Z) is dened by
for τ = x + iy ∈ h and e (s) > 1, where Γ ∞ = {( * * 0 * )} ∩ Γ. For a xed τ ∈ h, E(τ, s) has a meromorphic continuation to C with simple poles at s = 0, 1 and satises the functional equation
Proposition 6.9 The functions
does not identically vanish then the single sign property for h Q (τ, x) implies that all the poles of Z Q (τ, s) lie on the critical line e (s) = 1/2.
Proof of Proposition 6.9. Let us only prove that both Z Q (τ, s) and Z ∨ Q (τ, s) belong to F since the results are an application of Theorem 4.2, Theorem 4.7 and Proposition 4.10.
Note that Z Q (τ, s) is regular at s = 0, 1 and Λ Q (s) = 0 on the real line. Let us focus on
By Stirling's formula, we have
|t| for all real numbers a b, all σ in [a, b] and all |t| t 0 . For a xed τ ∈ h, Z + Zτ is a lattice in C. Thus, the image of (m, n) → |mτ + n| 2 is discrete in R × + ∪ {0}. We arrange the distinct values of its image as
Thus, E(τ, s) = 0 for e(s) τ 0, and E(τ, s) −1 is uniformly bounded in every vertical strip contained in some right-half plane. In other words, there exists σ τ 1 such that
uniformly in every vertical strip contained in the right-half plane e(s) > σ τ for some real number A 1 . In addition, we have
is bounded in every vertical strip contained in the right-half plane e(s) σ τ σ τ . Now we obtain
uniformly for −σ τ σ 1 + σ τ and t 2, and
with an implied constant depending only on τ following the same lines as used in the proof of Proposition A.2, since s(s − 1) E(τ, s) is an entire function of order one τ, x) ) is expected to have innitely many poles whereas if τ ∈ h is a special point then MC(h Q (τ, x)) does not have poles
for some positive real numbers a, b at certain CM-point τ (see [45] ). Thus, h Q (τ, x)
identically vanishes in the second case according to (4.10).
Remark 6.11 It is known that E(τ, s) has innitely many zeros outside the critical line (see [7] , [10] , [11] and [38] ). Hence it is expected that the behaviour of the families {h Q (τ, x)} τ ∈h and {h ∨ Q (τ, x)} τ ∈h are quite dierent. The comparison of these two families is an interesting problem, from a number theoretical point of view. In particular, we would like to have information on the single sign property for both families. • there exist some q > 0, r 1, λ j > 0, Re(µ j ) > −σ 1 λ j (1 j r) and |ε| = 1 such that the function
satises the functional equation L(s) = ε L(d + 1 −s) for some integer d 0 (the condition Re(µ j ) > −σ 1 λ j tells us that γ(s) has no zeros in C and no poles for e(s) ≥ σ 1 ).
• there exists a polynomial P (s) such that P (s) L(s) is an entire function on the complex plane of order one, • the logarithmic derivative of L(s) is expressed as an absolutely convergent Dirichlet series
in the right-half plane e(s) > σ 2 σ 1 .
Then
(1) the number of zero ρ = β + iγ such that |γ − T | ≤ 1, say m(T ), satises
with an implied constant depending on L(s) only, Proof of Proposition A.1. We argue similarly to the proof of Proposition 5.7 in [20] which is essentially the proof in [42, Section 9.6]. First we prove (2). Using the Dirichlet series of L(s) we obtain L(σ + it) = a n 1 n −σ 1 (1 + o(1)) as e(s) = σ → +∞ for some integer n 1 with a non-zero Dirichlet coecient a n 1 . Therefore there exists c max{σ 1 , (d + 1)/2} such that L(s) = 0 in the right-half plane e(s) > c. To prove (3), we write s = σ + it. We suppose that d + 1 − c − 1 ≤ e(s) ≤ c + 1 and take t 0 such that γ(s) and P (s) has no pole for |t| ≥ t 0 . We have
+ O(log |t|).
By (A.1), (A.2) and Stirling's formula, we obtain
In the series, keep the zeros with |s − ρ| < 1 and estimate the remainder by O(log |t|) follows.
Using Proposition A.1 we have the following proposition which is used several times in this paper.
Proposition A.2 Let L(s) be a function satisfying the conditions in Proposition A.1.
Let H > 1 and T max{2, t 0 } be some real numbers, and let a < b be real numbers such that a ≤ d + 1 − c − 1 and b ≥ c + 1, where t 0 and c are real numbers appeared in Proposition A.1. Then there exists a real number A and a subset E T of (T, T + 1) such that ∀t ∈ E T , ∀σ ∈ (a, b), L(f, σ ± it) −1 = O t log |t − γ| + O(log t).
One would like to integrate with respect to t from T t 0 to T + 1 taking care of the fact that there may be zeros of L(s) of height between (T, T +1) where the previous inequality does not hold. Let y 1 < · · · < y M be a nite sequence of real numbers satisfying ∀j ∈ {1, · · · , M }, ∃σ ∈ [−1, 2], L(σ + iy j ) = 0. 
